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supersymmetry breaking. We conclude that supersymmetry suppresses wormhole-induced 
matter couplings. 
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1. INTRODUCTION 

Tunneling amplitudes for spatial topology change in Euclidean quantum gravity have 
become sources of interest, speculation, and controversy. The simple case of the "worm- 
hole" instanton (a Euclidean metric configuration in which two asymptotically fiat re- 
gions are connected by a narrow "throat") has been used to describe tunneling processes 
in which baby universes are created and annihilated. These calculations typically show 
that wormholes lead in the low energy limit to effective local interactions among matter 
fields [andyrev]. In the present paper, we consider a wormhole in a theory of a massless 
supersymmetric scalar multiplet coupled to N=l supergravity. We find no evidence of 
wormhole induced supersymmetry breaking in this model. We do find that, as long pre- 
dicted [k], supersymmetry cancels the simple scalar self-coupling found in the comparable 
purely bosonic theory [cole, ab]. 

In the remaining part of this introduction, we will describe the basic features of the 
argument we will follow. In section 2, we consider a wormhole in a bosonic theory, with 
a massless complex field coupled to Einstein gravity. The derivation of the local operator 
induced by the wormhole is essentially the same as that originally presented by Reference 
[cole]. In section 3, we will introduce supersymmetry, and obtain an original result exactly 
like that of section 2, but in superspace; on this excuse we will refer to the instanton 
considered in section 3 as a "superwormhole." Section 4 is a brief conclusion. An appendix 
follows, containing the detailed supergravity calculations supporting section 3. 

Our goal is to determine the effect at experimentally accessible scales of wormholes 
that are very much smaller than those experimental scales, yet sufficiently larger than the 
Planck scale for us to use general relativity (and ultimately supergravity) in our action. At 
present, there is plenty of room between those scales — about 17 orders of magnitude — 
within which to fit our wormholes. Following Coleman and Lee [cole], we will construct a 
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field configuration in Eudidean four-space in which a three-baU of radius r^ is cut out of a 
fiat background space and replaced with the end of a wormhole, matching our fields at the 
boundary. We will perform a saddle-point approximation to the path integral using this 
"cut and patch" configuration, and we will find that the leading contributions to the action 
coming from the wormhole insertion are boundary terms on the sphere at Tq. Choosing Vq 
to be small on the laboratory scale, these terms may replaced by point-like interactions. 
Thus we arrive at a set of local interactions induced by the wormholes in the effective low 
energy theory. 

Note that wormholes in supersymmetric theories have also been considered in Refer- 
ences [10,fay,gerry]. 



2. THE BOSONIC WORMHOLE 

As a preliminary exercise, we consider wormholes in the purely bosonic theory of a 
massless, complex scalar coupled to Einstein gravity. The essential results have been 
found previously in [cole, ab]. Our analysis differs slightly from the previous derivations, 
and we also find the next of the higher dimension operators induced by the wormholes. 
While these next-to-leading order local terms play an insignificant role in the low energy 
bosonic theory, they are important for the supersymmetric wormhole considered in the 
following section. In Euclidean space, we consider the Lagrangian 

Co = -e{MJR - V^(/>tv^(^) 



1 ... ... (1) 
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- -eMJR + -e(V^/V'^/ + fV|,eV^'e) 



where (p = ^/e , Mp is the Planck mass' , and R is the Ricci scalar. 



T In the following, we explicitly retain Mp = (IGttG) 2 in our equations, while setting 

n = c = i. 



We shall look for wormholes using the spherically symmetric ansatz 

f = f{r) e = e{r) ds'^ = -^ + r^dnl, (ans) 

where (iOg is the line element on the round unit three-sphere. When we refer to any fields 
in the following, we will mean only their spherically symmetric components as described 
in (ans). 

The field equation produced from variations of 6 has the form d^J^^ — where J'^ = 
eg^'^fdi^O is the conserved current density associated with global variations of ^ {i.e., 
global phase rotations of (j)). With our ansatz, this equation may be integrated to yield 

hr^fdrO = iQ (6) 

where we have chosen an imaginary integration constant on the right. This Euclidean 
charge is imaginary to describe tunneling between states with real Lorentzian charge[cole]. 
With this choice, the field equations determining / and h may be written as 

dr{hr^drf) = --^ (7) 

l2My{l -h^) = ^- {hr^Vrff . (8) 

Imaginary Q also implies that (the lowest angular mode of) the field 6 is imaginary. Various 
arguments can be advanced to explain this use of an imaginary charge and field, but the 
clearest involves Routhians [cliff, gold]. In this formalism, the cyclic variable 9 is eliminated 
from the path integral in favour of its conjugate momentum. Consider the spherically 
symmetric sector of the path integral for the scalar field theory (without gravity), 

where tx and Q are the momentum densities conjugate to / and 6*, respectively, and Ti is 
the Hamiltonian density. Note that Ti is independent of 9. We have Wick rotated t -^ —ir. 
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Implicitly the path integral above (and in the following) includes wave functionals weighting 
the boundary values as is appropriate for the initial and final states (which we may assume 
are standard N-particle states) . The momentum sector of the path integral is a Gaussian, 
since Ti is quadratic in the momenta. Performing these momentum integrals leaves the 
usual path integral involving only the fields and the Lagrangian density [Feyn]. In the 
present case, it is a simple matter to integrate the cyclic field 9 rather than Q to give 

l^p^^-2i,^jdrns,here\j^ ~ j V f VQ S{drQ) e''^'''^^^^-^'^ ^-2n^ J dv U ^ (routhO) 

where 

^=^r3(a,/)2 + l-J^ . (routhl) 

With this approach, we acquire a phase factor at each of the boundaries and a delta 
function forcing Q to be constant for all r. The remaining path integral over / is weighted 
by the Routhian (routhl). The Euler-Lagrange equation for stationary points of this new 
functional is 

drir^drf) = -^ , (//) 

which is the analogue of (7) with a fixed, fiat metric {i.e., h = 1). 

We will assume that the above approach can be extended to include gravity by the 
following simple procedure: add the Einstein action (including the necessary surface 
term[surf]) to the Routhian; covariantize the scalar field theory; and insert our spheri- 
cally symmetric mini-superspace ansatz (2) for the metric. The truncation of the gravity 
sector in the final step still allows us to derive the field equations, and to evaluate the 
classical action for our wormhole configuration. Equations (routhO) and (routhl) are then 
replaced by 

^p^^-27r^JdrnspHere\j'^ ~ / ^ I)/ C^^TT^Q (0^ -0,) ^-2n^JdrTZ ^^^^^^ 

where 



7^ = 6M| 



drir^h) - r{h + h] + Ihr^idrff + Ij^rp? inew2) 



h' 



2 ^ '^'^ 2hr^f 



and Q is now a fixed constant. It is easy to see that the Euler-Lagrange equations for 
stationary points of (new2) are just (7) and (8), as before. The usual Lagrangian formahsm 
requires one to consider a priori imaginary 9 arising from Eq. (6). In contrast, in the 
Routhian approach, 9 is ehminated by integration over the real axis. Since an equivalent 
saddlepoint approximation may be derived by either method, we can choose whichever 
technique we like. The Routhian formalism, although more rigorous, is more cumbersome. 

Now we find wormhole solutions of Eqs. (7) and (8). Differentiating (8) and applying 
(7) yields drir {1 — h ) j = 0, which implie 



lies 



/.2 = l-_. (10) 

This metric is exactly the same as that found by Giddings and Strominger[5] with a 
different matter field. The apparent singularity at r = L is merely a co-ordinate singular- 
ity [myers]. The complete geometry is covered by two identical co-ordinate patches with r± 
both ranging from L to oo. The wormhole then consists of two asymptotically flat regions 
where r± -^ oo, connected at r± = L by a throat with radius L. 

Substituting (10) into (8) yields 



which may be integrated to give 



^q2 _ umIl^P = ±qmIl^ 

where C is a (real) integration constant. Defining 



arccos ( —^ ) + ^ 



(//6) 



we have 



X 


= qmIl^ 


arccos — ^ +6 




■' 2 


/Q'^-x^ 
6 



(xdef) 



(11) 



In Eq. (xdef) the positive (negative) branch of the arccos is used on the r+ (r_) co-ordinate 
patch. Thus asymptoticaUy at large radius, 

while the throat corresponds to x = 6MpL C. Although the wormhole geometry is sym- 
metric on either side of the wormhole, in general the scalar field / is not when C is 
non- vanishing. 

We will connect the wormhole to a background field configuration using a cut-and- 
paste procedure [cole]. We cut the wormhole off at some fixed scale Tq in both asymptotic 
regions. Then we cut two three-spheres of radius Tq out of the background and replace 
them with the ends of the wormhole, taking care to match the boundary values of / to 
the background values f± at r± = Tq.' The scale Tq serves as the infrared cut-off for 
the wormhole field configuration, which is necessary to avoid encountering divergences 
in evaluating the action for the full wormhole[cole,ab]. We may assume that r^ is the 
ultraviolet cutoff for the effective low energy theory. The wormhole ends thus appear 
as the insertions of local operators since their internal structure is beyond the limit of 
experimental resolution. Further, we assume that L, the size of the wormhole, is near (but 
larger than) the Planck scale-f, so that L /r^ is an extremely small ratio. This greatly 
simplifies the following calculations. 

The integration constants L and C are fixed by matching / at r± = r^ to the background 
values f±. Eq. (ff6) gives 



i2 



L4 



l2Mt,fi = ^ - 36Mp 



C -f arccos 



{L 






± J 



'■±=''0 (12) 



%-?m4(c±\)\ 



' Note that our procedure differs from that implemented in [cole]. There, the cut-off on 
either side of the wormhole depends on the background field /±, and C is fixed to be zero. 

■f This assumption is, of course, at the centre of a controversy [big], to which we have nothing 
to add. 



t2 

where terms of order ^ are dropped in the second hne. We therefore have 



C 



f - fl 

QnMl 



and 



L4 



M 



2n2 



9^2^gi+ + i:^^(/--/J 



Mi 



n 



2m4 



(13) 



(14) 



Note that (14) will only be consistent given the assumption that L > Mp for large Q . A 
final comment on matching boundary conditions is that in the background region beyond 
r± = To we employ the standard Lagrangian formalism, and therefore immediately outside 
the cut-off surface we must enforce (6), so that the background 6 field is complex. 

Now the integral of the Routhian (new2) can be calculated for the wormhole solution. 
One finds 

Q + QMIl^{C + 5) Q + 6MJL^{C - f ) 



2n'^ drn = n'^Qlog 



(15) 



Q - 6M|l2(C + f ) Q - 6M|l2(C - 5) 

where terms of order (L/ra) have again been neglected. We have assumed Q to be 
positive. (With Q < 0, the two ends of the wormhole would be switched.) To evaluate this 
expression, we use (13) and (14), and work perturbatively in f^/Mp. The final result is 



2n^ drUc^ -2n^Qln 



(^ 



f- 



+ 2n^Q 



ft 



+ 



f- 



(16) 



\V^7tMp^/37tMpJ ' "" ^ \^37r2M| 37r2M| 

where terms of order {f±/Mp) have been ignored. Thus to tree-level order, the contri- 
bution of a single wormhole in the path integral including the phase factors appearing in 
(newl) becomes 



^2n^Qi9^-e^)^-2n^Jdrn ^ ^q^qj_q (^ _ qA<P^^i){l - qAcj,. 



ct 



(17) 



where (/)± = ^/±e ± are the background scalar field values at r± = Tq. Since (as we noted 
above) the background field 6 is imaginary, (p' = — =/e^* is not the Hermitian conjugate 
of (p but an independent real field. Upon analytic continuation back to Minkowski space. 



however, (jy again denotes the usual Hermitian conjugate. Also q = 2tx Q is the scalar 
charge quantized to take values g = 1, 2, 3, ..., and A = ^ 2 ■ 

If we assume that the three-spheres r± = Tq can be taken as the "effective points" x± 
in the background space-time, then the effective path integral including a single wormhole 
is 

f VfV9e' I ^'^^0 Al(j)l (1 - Aq(j)U) (/)t'? (1 - Aq(j)U) , (back) 

J X—Xi_ x—x__ 

where we have suppressed the gravity sector in this expression. Translations of x± are zero 
modes of this system, and so will be integrated over upon evaluating quadratic fluctuations 
in the saddlepoint approximation[l]. Introducing an unknown normalization constant S^, 
which contains the 1-loop determinant for a wormhole of charge q, (back) becomes 

f VfVee~ f ^"^^0^2 f d'^x+ A'?/2,/,'?(l - Aq(j)U) f ct^x^ ^'^/^^'^(l - Aq(|)^) . [better) 

One can show that Bq oc Mp [cole]. Further arguments can be made to the effect that 
accounting for many-wormhole conflgurations within the dilute gas approximation leads 
to a modiflcation of the effective low energy action by terms of the form [alpha] 

B^A2 I rf4x(aJ(/)« + a,(/)t'^) (1 - A#t^) (19) 

where a^ and aj might be thought of as creation and annihilation operators for baby 
universes carrying global charge g[andy]. 

Our results are essentially the same as those found in Refs. [cole, ab], although our 
derivation differs. Implicit in our suppression of the gravity sector in (back) and (better) 
is the limit Mp -^ 00, or rather that the energy scales of interest are much lower than Mp. 
Thus the wormhole-induced interactions are highly suppressed by the factors of A oc -rj^- 
(for large values of q, and excluding the possibility of drastic effects due to the a parameter 
dynamics) . They remain as signiflcant operators since they break the global phase rotation 
symmetry (j) -^ e </>, which would be conserved in all interactions induced by conventional 
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perturbative processes'. We have included the next-to-leading order wormhole operators, 
(^'7+1(^1 anci (jy'i^''(j). Since these interactions have a higher mass dimension, they are 
suppressed by an extra factor of A. Therefore they will play an insignificant role in the 
present bosonic theory, but we will find that they are important for the supersymmetric 
case considered in the next section. 

Recall that our evaluation of (16) included a perturbative expansion in f^/Mp, but 
for a strictly massless scalar, it would be difficult to argue that these parameters should 
be small in the low energy theory. Following References [cole,ab], one may consider our 
discussion to apply to a scalar field with a small mass. With mrQ ^ 1, the mass can 
be neglected in the wormhole region, but f^/Mp < {Mpmr^) remains small in the low 
energy regime. Alternatively, one can think of this expansion as a formal device, which 
is useful since it develops an expansion of wormhole-induced operators of ascending mass 
dimension, and hence of decreasing significance in the low energy theory. A final comment 
is that to the order of this expansion that we calculated, the wormhole contribution (17) 
factorized into separate operators at x+ and x_. This fact is important in separating the 
effect of the full wormhole into two local operators in (back), but there is no principle which 
guarantees such a result. In other cases, this factorization has been found to fail[grin], and 
indeed it fails in the present case at the next order beyond those we have displayed. 



T Ignoring gravity in the present case eliminates all such perturbative processes, since in 
(1) we only consider a free massless scalar field. The above statement would be more 
meaningful for the case of two interacting scalars, with the Lagrangian density 



£-e(|V(/)i|2 + |V(/)2r + A|(/)i 



?\4>.?) 



for which the above analysis would proceed unchanged for both (f)i and (f)2, separately. Of 
course, there may also be contributions from new wormholes carrying charge for both 01 

and (^2- 
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3. THE SUPERWORMHOLE 

We now wish to study wormholes in a supersymmetric theory. ExpHcitly, we will 
consider a Wess-Zumino multiplet coupled to A^ = 1 supergravity. The essential new aspect 
in this case is the application of saddlepoint approximations to a theory containing fermions 
as well as bosons. In this case, the fermionic zero modes will produce anticommuting 
collective co-ordinates. The specifics of the supergravity theory are irrelevant to most of 
our results in this section. Therefore in the interests of clarity, we will leave the details 
concerning the fermionic zero modes of the superwormhole to Appendix A. All that we 
require is to note the theory possesses the following properties: 

1) If all fermion fields are set equal to zero, we recover the Lagrangian of section 2. 
Therefore the wormhole solution of that section is also a saddlepoint of the present theory. 

2) In the limit Mp ^ oo we obtain the massless Wess-Zumino model, with vanishing 
super-potential, in fiat space. This fixes the form of the supersymmetry transformations 
in the following. 

3) The theory is A^ = 1 supersymmetric in Euclidean four-space. Thus when fermionic 
zero modes arise in the fiuctuation determinant of the saddlepoint, the corresponding 
collective co-ordinate is a Grassman four-spinor tj. 

In Appendix A, we find fermionic zero modes in the wormhole background, which arise 
because of the invariance of the action under supersymmetry transformations. There are 
four independent modes associated with each end of the wormhole. Each mode is equivalent 
to a global Wess-Zumino supersymmetry transformation in one asymptotic region, and 
vanishes in the opposite asymptotic region. These zero modes (as well as the bosonic 
ones) are separated, and the saddlepoint expansion is performed only on the remaining 
modes of the path integral [raj a]. 
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Let 0(e) be the charge generating the Wess-Zumino supersymmetry transformation 
of property 3 parameterized by an arbitrary Grassman parameter e. The fermion zero 
modes rj may be separated by constructing the wormhole path integral with identity oper- 
ators e^* ''^^ e \^) inserted between the time-shces. To leading order in the saddlepoint 
expansion, we obtain the the bilocal effective interaction 

where O^ = A^cp'i {1 — Aq(j)'(j)) is the bosonic operator found in section 2, and ?7+(?7-) are the 
fermion zero modes, which are constant in the asymptotic region with r^{r_) but vanish 
for r^{r^) -^ oo. The result of the fluctuation determinant is contained in Bg. In this 
case, we may assume as a result of property 3 that the fermionic and bosonic determinant 
terms with all zero modes extracted cancel each other, but there will be factors arising 
from the normalization of the zero modes. In particular, Bq will have the dimensions of 
mass squared. 

Above, we have taken the Euclidean time to flow radially through the wormhole, in- 
creasing in the direction of growing a: or r+. We relate our result (efflnt) to the choice where 
time flows in a flxed direction across the background regions (see Figure 1) as follows: The 
wormhole path integral with radial time produces an evolution operator from the surface 
I (at r_ = To) to F (at r+ = ro). This operator is inserted between the surfaces i± and 
/-!_ in the background spaces. The integrals of the supercurrent over I and F yielding the 
charges 0(?7±) are then split into two integrals over these background surfaces. After baby 
universe a parameters are used to localize the effective interaction as in section 2, the 
above procedure yields an effective operator for the superwormholes of the form 

BqAi/^ jd^x dS e"*®(^) {al(pi + a,(/)t'^) (1 - AqcpU) e'^^"^^ . (yesl) 

This is clearly a superspace vertex[6], so that as expected the superwormhole terms man- 
ifestly preserve the supersymmetry of the low energy background theory. From here on- 
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wards, the superspace formalism provides the most elegant framework for describing the 
low energy limit of superwormholes. 

The massless Wess-Zumino model without a superpotential has the simple Euclidean 
action 

Swz = jd^x [^^"'^^(p'f^^,(P + ^x0X - F^F] , [wzlag) 

where 5^*^ is the flat Euclidean metric, and = 'j^d^. The matter fields have some unfamil- 
iar characteristics due to the analytic continuation required to implement supersymmetry 
in Euclidean four-space. (Appendix A discusses this point at length.) The essential point 
is that because there are no Majorana spinors in Euclidean four-space, the adjoint spinors 
are defined as x = X C. As a result, one must again think of (p and (jr (and F and F' , as 
well) as independent fields. Swz is invariant under the following global supersymmetry: 

5(P = V2ePLX S(l)f = V2ePnX 

5x = V2Pi^{0(t> + F)e + V2Pi,{04>'^ + F^)e (fsusy) 

SF = V2e0PLX 5Ft = V2e0PnX , 

where Pl/r = ^(1±75). 

The auxiliary fields, F and FT, are decoupled in (wzlag), and can be trivially integrated 
out. Their virtue is that they allow the supersymmetry transformations (fsusy) to close 
off-shell. Therefore when the action is altered by the addition of our wormhole terms, the 
supersymmetry transformations remain unchanged if we include F. The super symmetries 
of the free and wormhole-modified actions would differ if expressed in terms of physical 
fields only. The scalar superfield $(a;^,£) may be defined as the image of (p{x^^) under a 
finite supersymmetry transformation: 

= (P + V2ePLX + {ePLe)F + (£Pi7^£)a^(^ + l={ePLe)e$PLX + \{eef^^'^^(|) . 

{spfd) 
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Similarly $' = e^* '^V^* • Since the adjoint spinor e is a Majorana conjugate, the 
conjugate superfield $' is once again not the true complex conjugate of $. Its definition 
though does replace every P^ in (spfd) with Pr, and every (j) with (jy . 

The Wess-Zumino action (wzlag) can be written as a superspace integral* 

Swz = -J d^xd^^r] ^^x,r])^{x,'r]) . (sO) 

By applying (spfd) to (yes!), we see that the superwormholes contribute extra vertices to 
this superspace action: 

In the end then, our result from section 2 has been supersymmetrized in the most obvious 

way. 



4. CONCLUSION 

Combining (sO) and (spwmh), we see that the effect of the superwormholes is to add ex- 
tra terms to the Kahler potential of the Wess-Zumino multiplet.-f The $^ and $'^ terms can 
be removed by a Kahler gauge transformation [twilight]. Alternatively, integrating over rj 
in (spwmh), one finds explicitly that these terms contribute only total derivatives. Thus as 
expected [k], supersymmetry suppresses the wormhole-induced scalar self-couplings. This 
leaves 

q>0 



* One uses the standard convention for Grassman integration: j de [as + b] = a for a Grass- 
man £, and ordinary numbers a and b. 

•f In this discussion, it will be assumed that we have rotated back to Lorentzian signature, 
and so the fields have no unusual characteristics. 
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as the tree-level Kahler potential incorporating the effects of superwormholes. Explicitly 
in terms of the physical fields, the Lagrangian density is 

1 /- \F)FPv\^\ (stuff!) 

where V = V^((/>, (jr), 9 = |^, and B = j-jj. For a given charge q, the leading superwormhole 
induced terms are suppressed by an extra factor of Mp , as compared to the purely bosonic 
theory of Section 2. 

Even these latter terms are evanescent, in fact. We can absorb the superwormhole 
vertices to linear order in the a parameters, with a holomorphic field redefinition 

$ = $ -4^gA2+lQ;t$9+l _ (redone) 

<7>0 

Note that this field redefinition is a- dependent. We now recover the free Wess-Zumino 
model, up to terms quadratic in baby universe parameters 

q>Oq'>0 

Both Kahler potentials, (self) and (supp), will produce an equivalent physical theories. 
Therefore, because the leading symmetry-breaking interactions in (stuffl) can be eliminated 
by field redefinitions, these terms will not directly affect physical scattering processes, 
which might display violations of charge conservation. Terms quadratic and higher order 
in the a parameters, are already present in (stuffl) in the last term, which was produced 
by integrating out the auxiliary fields, F and F'. A typical process with a charge violation 
of ±q units might then be mediated by interactions of the form 



(ttitt^+i (p'^ + alttg+i (/>'^) ixx) ■ iforrm) 

a 

These superwormhole induced interactions are now suppressed by an extra factor of Mp , 
as compared to the purely bosonic theory. 
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It may seem curious that symmetry-breaking first occurs at order or . It appears then 
that the observable effects are only occurring in multi-wormhole processes. This result 
is analogous to certain instanton effects found in Reference [ian]. There, in a particular 
(2+l)-dimensional gauge theory, the photon and photino are found to acquire masses only 
through contact terms arising in multi-instanton processes. One should not think that a 
charge-g superwormhole (which has four fermionic zero modes) must induce interactions 
of the form (forrm) directly. This is because the fermionic zero modes are not strictly zero 
modes of the fermion fields, since they are extracted using finite (nonlinear) supersymmetry 
transformations, which involve the bosonic fields as well. 
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Ultimately though, we expect that interactions like (forrm) should arise in the single 
superwormhole sector. Above, we have ignored the possibility that the Kahler potential 
might contain higher dimension interactions such as 

where Cn are dimensionless constants. Such terms are present in the full supergravity 
theory, but would also arise in the usual renormalization of the Kahler potential, when 
modes at wavelengths shorter than Tq are integrated out. So far, such terms have been 
neglected on the basis of the arguments presented in section 2: they obey the phase rotation 
symmetry, and their effects should be suppressed at low energies because they yield higher 
dimension operators in (stuffi). In fact though, they play a significant role in the charge 
violating processes in the supersymmetric theory. Applying the field redefinition (redone) 
to V ^SV leaves symmetry breaking terms linear in the a. parameters. Now a typical 
process with a charge violation of ig units could be mediated by interactions of the form 



C2(at,/,'^ + a,,/>t?)(xx)^ [forrmV] 



Since these interactions are linear in the a. parameters, they produce symmetry breaking 
processes in a single superwormhole background. Note that they are still second order in 

16 



a combined perturbation expansion in terms of the a's and C's. Of course, the new terms 
have the same dimension as those given in (forrm), and so supersymmetry supresses the 
observable wormhole effects in any event. 

Note that before wormhole effects are taken into account, the Wess-Zumino theory has 
two independent global U(l) symmetries: 

(j) —* e^ (f) and x ~^ ^^^^ X ■ [uuuu) 

Examining the form of the interactions in (stuffl), we see that the wormhole induced terms 
only break the phase rotation symmetry of the scalar field. The fermion's chiral rotation 
symmetry remains unbroken. One might expect that the latter symmetry must also be 
broken, since in the full supergravity theory, the global U{1) symmetry requires 5 = \. 
(This comes about from couplings of the matter fields with the gravitino.) In fact though, 
the chiral rotations are independent because of the i?-symmetry of the supergravity theory: 
X -^ e^^^ Xi ''Pfi ~^ e^*'^^ '0^, e — > e^*'^-'' e. This chiral symmetry may be broken by new 
wormholes in which the U(l) charge is carried by the fermions[kim]. 

Finally we observe that our superwormholes do not violate the nonrenormalization 
theorem for chiral superfields [twilight]. This failure to induce a superpotential, means 
that these wormholes cannot produce spontaneous supersymmetry breaking. Essentially 
this occurs because there are four independent fermionic zero modes for each end of the 
wormhole, which leads to the J di] in the effective local operators. A superpotential 
requires an F term, which would only contain a chiral Grassman integration, J d\). Such a 
result was found for a particular wormhole [sstev] in Reference [10]. In this case, although 
there are four fermionic zero modes, two are not normalizable and so do not contribute. At 
present, this effect appears to depend on the detailed dynamics of their theory. It would 
be interesting if any general statements could be made as to which theories or wormholes 
would yield such a result. 
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APPENDIX A. 

In this appendix, we explicitly calculate the fermion zero modes of the wormholes in 
the supergravity model. Furthermore, we demonstrate the three properties on which the 
results of section 3 depend. 

To study a superwormhole, we must extend the field theory of section 2 to a Wess- 
Zumino multiplet coupled to N=l supergravity. The Lorentzian Lagrangian for such a 
system has been determined [bagger, cremmer]; the simplest case (i.e., that with canonical 
kinetic terms) may be written as 



Cl = -MleR - -e{V^,fV^'f + fv^,9V^'9) 



1 ■ o 1 o - (^a^rO) 

1 _ 

izoikZp 

The matter fields are: /, a real scalar field; 6*, a real periodic pseudo-scalar; and x, a 
Majorana spinor. In the gravity sector, one has the gravitino, tj)^, which is a Majorana 
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spinor-vector; and the vierbein, e'^^J The spin connections in aU the covariant derivatives 
are the usual connections compatible with the vierbein, plus torsion terms involving the 
gravitino[West]. Using these spin connections, the Ricci scalar is defined from the Riemann 
tensor: R = CaeYR^jy . Finally, e = |dete"^|, and t^^^P^ is the antisymmetric tensor 
density, defined so that e = 1. 

One may choose a real representation for 7^, in which the Majorana spinor fields are 
real, and 75 is imaginary. This convention will be useful below in making clear our method 
of Wick rotating (lagO). 

This Lagrangian is invariant (up to a total derivative) under the following local super- 
symmetry transformations [bagger, cremmer]: 

6f = ee-*^^\; 66 = -le75e-*^^\; 

oIVIp 



2y/2Mp 

1 



((^^X) +75(^^75X))7A*e; 



(IsusyO) 



olVIp 

+ ^ ^_ (aM^(X757^x) + 2z/2v^^)75e; 



4V2Mp 
to first order in the Grassman Majorana spinor field e. As usual, a^i, = 5[7^,7iy]- 

In order to find a wormhole, we must first Wick rotate to Euclidean four-space. This 
poses an apparent problem, because there are no Majorana spinor representations of SO (4). 
However, while we cannot find spinor representations of S0(4) such that x'74 = x C', they 
are not needed — actually we only need 

rp 

X = X C . (conj) 



•f Greek and Roman letters indicate tensor and Lorentz indices, respectively. The latter are 
raised and lowered with the trace +2 Minkowski metric. 
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Therefore we define our adjoint spinors with Majorana conjugation (conj)[majic]. In the 
Lorentzian theory where the fermions are Majorana spinors, the use of this convention 
instead of the usual Dirac conjugation does not affect the theory. In the Euchdean version 
of the theory, the action will only contain x and ip^, making no reference to x ^^ i^Ji- 
Hence the fermion path integral can be regarded as an analytic contour integral in the 
spinor field space, and still contains precisely the correct number of degrees of freedom for 
a supersymmetric theory. 

Wick rotation therefore yields 



1 

— ( 
2 



Ce = -MleR + -e(V^/V'V + /^V^^V^^) 



\{^^^l,lvVpi^ae^''P'' - exHx) 






-exi^Y^Afe-'^'^)^^, + TTT72/'VM^(V'-7p^.e^"^^ + exi.l^x) 



i.ZoiVlp 
Our conventions are: e^^'^P is ±1 or in both Euclidean and Lorentzian space. Euclidean 
indices range from 1 to 4 instead of to 3. v = —iv , V/^ = ivQ where the vector v has 
either tensor or SO(4)/Lorentz indices. Note that Cjtj is not real, but this is not a problem 
— we only require a Hermitian Lagrangian when we analytically continue back to real 
time. Note that (IsusyO) is indeed a symmetry of Ce using Majorana conjugation to define 
the adjoint spinors. However if the phase of e is arbitrary, then these transformations may 
not preserve the reality of all the bosonic fields in the Euclidean theory. If we choose the 
phase to always preserve the reality of the vierbein, one must regard the matter fields 
(J) = —^fe and (p' = A=fe^ as independent fields rather than complex conjugates. 

It is immediately clear that setting x and i/j^ equal to zero in (lagl) produces the 
bosonic Lagrangian (1). This establishes property 1 of section 3, which showed that the 
bosonic wormhole solution is also a saddlepoint of the supergravity theory. Also, since 
(IsusyO) is still a symmetry of the Euclidean Lagrangian, property 3 is valid (A^ = 1 
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supersymmetry) . 

We can now proceed with a supersymmetric version of the Routhian formahsm. Our 
system is invariant under the global U(l) transformation 

e^e + 5 

(28) 

This symmetry provides the generalization of the charge that was important in section 2. 
We can simplify many of our subsequent expressions by re-defining the fermion field so 
that it is invariant under (28). Henceforth, we use 

The Lagrangian may be re- written as 

Ce= C + e(3^'V^e + ^efVf,eV^'e , (30) 

where C is independent of 9: 

C = -MleR + ^eV^/V^/ + ^e^ - ^^^TsT^V^^^e^^^'^ 

and 

P^ = T^(-V^-7pV'a6'^"^" + eHl^O - k"757^^+ IT^h^'l^l.^u. [beta] 

We can now construct a Routhian form of the path integral following Reference [cole] . 
The supergravity Routhian is obtained by introducing the four-vector density j^ conju- 
gate to 6*, which allows us to exchange the path integral over (e" '0^, ^, /, 6*) for one over 

(e«>^,e,/,J^), 
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We multiply the path integral by a normalized Gaussian integral over jf^. 

^ _ (roO) 

As in section 2, the term j^V^O is integrated by parts, and then the path integral over 9 
produces a delta function and surface terms. 



e = exp 



-iid^n:,Q{e+-e_) - jct^xTZ 



X 5{d^f) (32) 



where the Routhian TZ is 

1 

2/ 



— J. o 



Also 6*+ and 9^ are values of 9 on boundary surfaces, and Q is the U(l) charge passing 
through these surfaces. As in section 2, the initial and final slices are the cut-off surfaces 
on either side of the superwormhole, at r± = Tq. Also, we will employ e^ inside the 
wormhole region, and e~ in the background outside. Summing over all values of the 
charge Q makes the surface terms in (32) serve as projection operators from the 9 basis to 
the basis of charge eigenstates[cole]. 

We must now consider the supersymmetry properties of our Routhian. These are 
most easily determined by considering the equations of motion. The saddle-point of the 
Gaussian in (roO) is given by 

j^ = te{fv^9 + (3^) . (zmO) 

Up to the substitution (zmO), the equations of motion (and hence the saddle-points) of TZ 
and C coincide. Having made the substitution (xi), the only appearance that 9 makes in 
the supersymmetry transformations (IsusyO) is as V^^. These terms can be replaced using 
(zmO) , and the supersymmetry transformation of j^ is easily derived as the variation of 
the right-hand-side of (zmO) under (IsusyO). 
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The local supersymmetry transformations describe the fermionic gauge degrees of free- 
dom of the supergravity theory. To discuss the physical degrees of freedom, one must pre- 
scribe a particular choice of gauge-fixing. We will impose 7^'*/'^ = 0. Given the wormhole 
solution, certain transformations will still leave the gauge constraint invariant. These field 
variations are the physical (fermionic) zero modes. The zero mode equation, 'y^dt/j^ = 0, 
yields in the bosonic wormhole background. 

More convenient co-ordinates are those that map both sides of the wormhole. Let x = 

r 2 

X = arccos-2-, and take Euler angles on the three-sphere as x* for i G {1,2,3}. Using 
the vierbien and spin connection for the metric (ans) transformed into these co-ordinates, 
(zma) becomes 



3 



.4/o..„.^^l« , 3._ xi . \^ r.^.^i ,*Y7(3). Qicosx)^ A 



7 2(cosx)292;H — (cosx)2 sina; e — (cosa;)27*V- e 7^ — ^5— 7 756 = 0, (zml) 

V 2 / ' SMpL-^ 

(3) 
where V is the spinor covariant derivative on the round unit three-sphere, and 7* are 

Dirac matrices projected onto the unit three-sphere dreibein. We can separate variables 

by choosing the ansatz 

e = k{x)r]{Q) 

with r], a spinor that depends only on the angular variables, and the matrix k{x) takes the 
form, k — ki + /C575. 

Asymptotically we are looking for a spinor which becomes covariantly constant, so that 
the variation of the fields vanishes there. 

lim Vje = lim (V^ eH — sinx7 7je) = {zm2) 



This implies that 



7*V^ 7] = ±-7 Tj- {zm3) 
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Notice that the only way both hmits in (zni2) can hold true is if e vanishes at one end of 
the wormhole, and approaches a constant ry at the other. The equation for k is 

/O 3 / T* TV 

9a; In /c = o— H-7'5 — : tan ( — ± — 

which is easily solved to yield 

'Qi5{x ± f ) 



e± = 



,X TV 

cos — ± — 
2 4 



3 

2 

exp 



{zm4) 



As in section 2, there are distinct zero modes for each end of the wormhole. e± vanish 
for X ^ ±^ and become covariantly constant spinors r] as x ^ ^^. Being covariantly 
constant according to the flat space connection which prevails asymptotically far from the 
wormhole, it is ry which is analogous to the constant parameter of rigid supersymmetry, 
and which parametrizes the supersymmetric zero mode of the wormhole. 

Now flnally we return to property 2 of section 3. Letting Mp — ;► cxd in (lagl) (and 
neglecting free gravitons and gravitinos) produces the Euclidean Lagrangian of the free 
Wess-Zumino model. Furthermore in this limit with a covariantly constant supersymme- 
try parameter, (IsusyO) reduces to the standard supersymmetry transformations of the 
free Wess-Zumino model. Since our zero modes are indeed covariantly constant asymptot- 
ically, they correspond precisely to a global Wess-Zumino supersymmetry transformation, 
and property 2 is also valid. Since the vierbein and gravitino are invariant under these 
transformations, we are justifled in disregarding the supergravity sector in the background 
region, and representing the effects of wormholes as extra vertices in an effective flat super- 
space action. Above we have only considered the flrst order supersymmetry transforma- 
tions. The flnite transformations may be obtained by iterating our flrst order calculation 
up to fourth order. It is straightforward to show that, through all iterations, the fermionic 
zero mode still corresponds to the Wess-Zumino supersymmetry to leading order in L/tq- 
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FIGURE CAPTIONS 

Figure 1: Surfaces of constant Euclidean time in the wormhole geometry, using radial 
(r±, /, F) or rectangular (t±, Zj., /±) time slices. 
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